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Abstract 

We study the structure of the maximal ideal space M(H°^) of the algebra 
H"^ = H°°(U>) of bounded analytic functions defined on the open unit disk 
D C C. Based on the fact that dim M{H°°) = 2 we prove for H"^ the 
matrix-valued corona theorem. Our results heavily rely on the topological 
construction describing maximal ideal spaces of certain algebras of continuous 
functions defined on the covering spaces of compact manifolds. 



1. Introduction. 

Let H°° be the uniform algebra of bounded analytic functions on the unit disk D C C 
with the pointwise multiplication and with the norm 

11/11 = sup |/(;.)|. 

The maximal ideal space of H°° is defined by 

M{H°^) = {(j) : e Hom{H^, C), 0^0} 

equipped with the weak * topology induced by the dual space of It is a compact 
HausdorfF space. A function / G can be thought of as a continuous function 
on M(if°°) via the Gelfand transform /(0) = (j){f) (0 e M{H'^)). Evaluation at a 
point of D is an element of M{H°°), so D is naturally embedded into M{H°°), and 
/ is an extension of / to M{H°°). In what follows we avoid writing the hat for the 
Gelfand transform of /. 
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In 1962, Carleson [C] proved the following famous corona theorem: 
Let /i, /2, /n be functions in such that 

\h{z)\ + 1/2(^)1 + ... + \Uz)\ > 5 > for all ;2 G ©. 

Then there are functions gi,g2, ■■■iQn so that 

fi{.z)gi{z) + f2{,z)g2{z) + ... + fn{.z)gn{,z) = 1. 

This result is equivalent to the statement that D is dense in M{H°°). In this paper 
we consider the following matrix-valued version of the corona theorem: 

Suppose that A is a complex, commutative Banach algebra with unit and that 
V : H°° — ^ A is a Banach algebraic morphism with dense image. Let a = (aij) be 
a. {k X 'ri)-matrix, k < n, with entries in A. 

Theorem 1.1 Assume that the minors of a of order k do not belong together to 
any maximal ideal of A. Then there exists a unimodular {n x n)-matrix a = (aij), 
Qij G A for all i,j, so that a^j = a^j for 1 < i < k. 

In the proof we use the remarkable theorem of Suarez ([S]) asserting that topological 
dimension of M{H°°) equals 2. Similar complement problems have been posed and 
solved by V.Lin for matrices with entries from various functional algebras (see [L] 
Th.3 and 4). 

Examples. (1) Let A = H°° and v = id. According to the corona theorem 
conditions of Theorem 11.11 can be written as 



^1^(^)1 >5>0 foraUzG©, (1.1) 

se5 



where {As}s£s is the family of minors of a of order k. Theorem |LT]then implies that 
there is an invertible (n x n)-matrix with entries in which completes a. This 
statement can be obtained also as the combination of Fuhrmann-Vasyunin theorem 
and Tolokonnikov's lemma (see [Ni] p. 293 for both these results). Unlike the proof in 
[Ni] which heavily relies upon the structure of H°° in the disk, our proof of Theorem 
|1.1| is of a local topological nature. This allows to obtain similar matrix corona 
theorems for a wide class of planar domains (see [Bru]). 
(2) Let /i, be functions in H°° such that the set 

S={^eM{Hn ■■ max |/,(0|<l} 

l<i<a 

is not empty. Let A be closure in C{S) of the restriction of H°° to S and u : 
H°° — > A be the restriction homomorphism. Then Theorem |L1| is applicable to 



matrix-functions defined on S with entries in A whose minors satisfy (hi) at each 
point of S. (It is easy to prove that the maximal ideal space of A is S*.) 

The second part of our paper deals with the topological description of the an- 
alytical part of M{H°°). Our results generalize well-known theorems of Hoffman 
([Ho]). Based on our main construction we solve the complement problem for some 
uniform subalgebras of H°° that should be thought of as a generalization of the disk 
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algebra of analytic functions on D continuous up to the boundary. We proceed to 
the formulation of other results. 

A pseudohyperbolic metric on D is defined by 



z — w 



p{z,w) = - — — [z,w e , 

1 — wz 

For x,y & M{H°°), the formula 

p{x,y) = sup{|/(y)| : / G H°^J{x) = 0, ||/|| < 1} 

gives an extension of p to M[H°°). The Gleason part of x G M{H°°) is then defined 
as P{x) = {y e M{H°°) : p{x,y) < 1}. It is well known that for x,y e M{H'^) 
we have P{x) = P{y) or P{x) fl P{y) = 0. Hoffman's classification of Gleason parts 
([Ho]) shows that there are only two cases: either P{x) = {x} {x G M{H°°)) or P{x) 
is an analytic disk. The former case means that there is a continuous one-to-one 
and onto map : D — ^ P{x) such that f o & H°° for every / G Moreover, 
any analytic disk is contained in a Gleason part, and any maximal analytic disk is 
a Gleason part. Let Ma C M{H°°) denote the set containing all non-trivial Gleason 
parts {Ma will be called the analytical part of M{H°°)). In his work [SI] Suarez 
proved that the set M{H°°) \ Ma of one point Gleason parts is totally disconnected. 
One of the main goals of this paper is to describe the topology of Ma. 

Let 1°°{G) be the algebra of bounded complex- valued functions on a discrete 
group G with the pointwise multiphcation and the norm ||x|| = sup^^g. Let 
PC be the Stone- Cech compactification of G, i.e., the maximal ideal space of 1°°{G) 
equipped with the Gelfand topology. Then G is naturally embedded into PG as 
an open everywhere dense subset, and topology on G induced by this embedding 
coincides with the original one, i.e., is discrete. Every function / G /°°(G) has a 
unique extension / G C{(3G). Further, the natural right and left actions of G on 
itself are extendible to continuous right and left actions of G on PG. 
Assume now that G is the fundamental group of a compact Riemann surface M of 
genus g >2. 

Theorem 1.2 (a) There is an open everywhere dense subset G^ C PG invariant 
with respect to the right and left actions of G and a locally trivial fiber bundle p : 
E{M, Gin) — ^ M over M with the fiber Gin such that E{M, Gin) is homeomorphic 

to Ma. 

(b) Every bounded uniformly continuous (respectively, Lipschitz) with respect to the 
metric p function f admits a continuous extension f to Ma so that for every x G Ma 
the function f o is uniformly continuous (respectively, Lipschitz) with respect to 
p on D. 

Here : D — > P{x) determines the Gleason part P{x) (see definition above). 

(c) Let E : Y — ^ Ma be a continuous mapping of a connected and locally connected 
space Y to Ma. Then there is x & Ma so that E{Y) C P{x). 



In the next section we state our results needed in the proof of Theorem |L2| and, 
also, some of consequences of this theorem. 
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2. Maximal Ideal Spaces of Certain Banach Alge- 
bras. 



2.1. The proof of Theorem |1.2| is based on the description of maximal ideal spaces 
of some algebras of continuous functions defined on regular coverings over compact 
manifolds. 

Let p : Mg — > M be a Galois covering over a compact manifold M with 
a covering group G and d he a. metric on Mq compatible with its topology and 
invariant with respect to the action of the group G. Denote by CdiMc) the algebra 
of bounded functions on Mq uniformly continuous with respect to d equipped with 
the supremum norm. We describe the maximal ideal space of CdiMc). 

In what follows we assume that M has one of the following structures: contin- 
uous, Lipschitz, C°°, real analytic, complex. Then Mq can be equipped with the 
same structure as M. Moreover, the group G acts discretely on Mq by mappings 
which preserve the structure. 

It is well-known that Mg can be thought of as a principle fibre bundle over M 
with the discrete fibre G. Namely, there is an open (finite) covering U = {f/j}jg/ of 
M by sets homeomorphic to open Euclidean balls in some and a locally constant 
cocycle g = {gij} E Z^{U,G) such that Mq is isomorphic (in the corresponding 
category) to the quotient space of the disjoint union V = LJjg/?7j x G by the equiv- 
alence relation: Ui x G 3 {x,g) ~ {x,ggij) G Uj x G. The identification space is 
a fibre bundle with projection p : Mq — ^ M induced by the product projection 
Ui X G — > Ui, see, e.g. [Hi], Ch.l. Let (3G be the Stone-Cech compactification 
of G and E{M,f3G) be a locally trivial fibre bundle over M with the fibre f]G 
constructed by the cocycle g. Then as above E{M,j3G) is homeomorphic to the 
quotient space of the disjoint union V = LJjg/?7j x i3G by the equivalence relation: 
Ui X (3G 3 {x, ~ {x, ^gij) e Uj x (3G. The projection p : E{M, (3G) — > M is 
induced by the product projection Ui x (3G — > Ui. Note that there is a natural 
embedding V "-^ V induced by the embedding G > PG. This embedding commutes 
with the corresponding equivalence relations and so determines an embedding of Mq 
into E{M,PG) as an open everywhere dense subset. 

Theorem 2.1 For every f G CdiMc) there is a unique continuous extension f G 
C{E{M, PG)). The extended algebra coincides with C{E{M, i3G)) . In particular, 
E{M,f3G) is homeomorphic to the maximal ideal space of CdiMc) ■ 

We now describe some topological properties of E{M,(3G). 

Let Xq '■= PG/G be the set of co-sets with respect to the right action of G. 

Proposition 2.2 (a) E{M, PG) is a compact Hausdorff space with dim E{M, PG) = 
dim M. 

(b) For every x G Xq there is a continuous one-to-one map i^ : Mq — ^ E{M,PG) 
such thati^{MG)f]iyiMG)=^ for x^y and E{M,PG)= [_\ ^^(Mg). 

(c) Let f : V — > E{M,PG) be a continuous mapping of a connected and locally 
connected space V. Then there is x E Xq such that f{V) C ^^(Mg). 
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(d) For any different points x, y G E{M,j3G) there is a connected one- dimensional 
compact set l^^y C E{M,f3G) containing them. This set can be chosen locally con- 
nected if and only if x,y G it^lMc) for some v G Xq- 

We will also show that i^ for x G Xq may turn out not to be a homeomorphism 
from Mg onto its image. Further, for a given structure defined on Mq there is a 
related similar "structure" on E{M, (3G). Then we prove in these terms an analog of 
the Stone- Weierstrass approximation theorem on approximation of functions from 
Cd^Mc) by "Lipschitz", or "real-analytic" functions on E{M,/3G). These 

results generalize a well-known Bernstein theorem on the uniform approximation of 
bounded uniformly continuous functions on R" by the entire functions bounded on 
M". 

2.2. Using the constructions of the preceding section we identify some naturally 
defined subsets of the analytical part Ma. 

Let X be a complex Riemann surface which admits a non-constant bounded 
holomorphic function. Let r : D — > X be the universal covering over X. Then 
D is a principle fibre bundle over X with the fibre H := tti{X). Similarly to our 
main construction we determine the fibre bundle E[X, j3H) over X with the fibre 
(5H so that there is a natural embedding D ^ E{X, jSH) as an open everywhere 
dense subset. 

Theorem 2.3 There is an analytic injective mapping I : E{X,f]H) — > Ma, i.e., 
I is continuous and f o I o ix G H'^ for any x G Xh = (3H/ H , f G H°° . 
For any open set U C E{X,j3H) the set I{U) C is open. For any x G Xh the 
set (/ o z^)(D) coincides with a Gleason part. 

We now state a curious corollary of the above theorem. 

Let G be a free group with finite or countable number of generators. For each 
iePG denote P(0 := {^9. 9 e G}. 

Corollary 2.4 Assume that P(^i) n ^ for ^i, ^2 e PG. Then one of these 

sets contains the other. 

Remark 2.5 Our proof of Corollary |2]^ is analytic. It would be interesting to 
prove this result by combinatorial methods and to identify a class of discrete groups 
satisfying the above property. 

Let now Y G Z he a complex Riemann surface compactly embedded into a 
Riemann surface Z. Assume that H := vri(y) = t^i{Z) and the boundary of Y 
is a union of continuous curves. We introduce an analog of the disk algebra. Let 
rz '■ ID) — > Z and ry '■ ID) — > Y be universal coverings over Z and over Y . Accord- 
ing to the Covering Homotopy Theorem and our assumption, there is an analytic 
embedding a : D — > D equivariant with respect to actions of vri(y) and 7ri{Z), i.e., 
a{9z) = g{a{z)), z ElD), g & ^i(^) = 7ri(Z). For each open U C Z satisfying Y (Z U 
consider the algebra of bounded analytic functions on r^^(f/). Then we define 
Ay C H°° as closure in C(D) of the algebra generated by all a*{Hjj). 
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Theorem 2.6 The maximal ideal space M{Ay) of Ay is isomorphic to E{Y , (3H) . 
Furthermore, dim M{Ay) = 2 and the problem of the complementation of matrices 
formulated for algebra Ay always admits a positive solution. 

3. Proof of Theorem pmi . 

We will prove Theorem |0| in a more general setting. 

Let b he a {k X n)-matrix with entries in a commutative Banach algebra B of 
complex- valued functions defined on the maximal ideal space M{B). Assume that 
condition ( p. . 1|) holds at each point of M{B) for the family of minors of b of order 
k, that is, these minors do not belong together to any maximal ideal. Assume also 
that dim M{B) < 2. 

Proposition 3.1 There is an invertible [n x n) -matrix with entries in B which 
completes b. 

According to Theorem 3 of [L], it suffices to complete b in the class of continuous 
matrix-functions on M{B). Thus we have to find an {n x n)-matrix b = (bij) with 
entries bij in C{M{B)) so that det 6 = 1 and bij = bij for 1 < i < k. The matrix 
b determines a trivial subbundle ^ of complex rank k in the trivial vector bundle 
9^ = M{B) X C". Let rj be an additional to ^ subbundle of 6^. Then clearly C. (B rj 
is topologically trivial. We will prove that rj is also topologically trivial. Then a 
trivialization si, S2, Sn-k of rj determines the required complement of b. 
We begin with the following 

Lemma 3.2 Let X be a Hausdorff compact of dimension < 2 and p : E — > X be 
a locally trivial continuous vector bundle over X of complex rank m. If m > 2 then 
there is a continuous nowhere vanishing section of E. 

Proof. According to the general theory of vector bundles, see e.g., [Hu] Ch. 3, 
Th. 5.5, there is a continuous map / of X into a Stiefel manifold V{m, k) of 
m-dimensional subspaces of C'^ such that for the canonical vector bundle 7^ over 
V{m, k) one has /*7m = E. Recall that 7^ is defined as follows: the fibre over 
an X G V{m, k) is the m-dimensional complex space representing x. We think of 
y(m, k) as a compact submanifold of some W^. Then / is defined by a finite family 
of continuous on X functions, / = (/i, fs)- For X' = f{X) let U' be a compact 
polyhedron containing X' such that 7^, has a continuous extension to a vector bundle 
over U'. Let us consider the inverse limiting system determined by all possible finite 
collections of continuous on X functions such that the last s coordinates of any 
such collection are coordinates of the mapping / (in the same order). For any such 
family /„ := (/i, /) denote X„ = /,(X) C M". Further, let X^ ^ X„ 
P > a, he the mapping induced by the natural projection — > onto the first 
a coordinates. Let Ua he a compact polyhedron containing X^ defined in a small 
open neighbourhood of Xq, so that the inverse limit of the system {Ua,Pa) coincides 
with X and the mapping pg : — > W maps Ua to U' . Consider the bundle 
Ea '■= (PoTilm) over Ua- Then clearly, {p'l)*{Ea) = Ep, P > a, and the pullback of 
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each Ea to X coincides with E. Now the Euler class Cq, of each Ea is an element of 
the Cech cohomology group H^"^{Ua,'Z)- This class equals if and only if E^ has 
a nowhere vanishing section. By the fundamental property of characteristic classes, 
see e.g. [Hi], {Payi^a) = e/3, /5 > a. Further, it is well known, see e.g. [Br], Ch. II, 
Corol. 14.6, that 

\im{p^J*H\Ua, Z) = H''{X, Z), A; > 0. 

Since dim X <2, Theorem 37-7 and Corollary 36-15 of [N] imply H^{X,Z) = for 
k > 2. But real rank of E is 2m > 4 therefore the Euler class e = lim^p'l)* (ca) of 
E equals 0. From here and the above formula it follows that there is some (3 such 
that 6/3 = 0. In particular, Ep has a continuous nowhere vanishing section s. Then 
its pullback to X determines the required section of E. 
The lemma is proved. □ 

From the lemma it follows immediately that E is isomorphic to the direct sum 
Em-i © E', where E^-i = X x C™~^ and E' is a vector bundle over X of complex 
rank 1. In particular, if the first Chern class Ci{E) G Z) of E equals 0, then 

E' = X X C and E = X X C"". In our case dim M{B) < 2, ^" = ^ © r/ and ^ is 
topologically trivial. Then for the first Chern class of 6'" we have 

= Ci{9n) =Ci{0+cM =CM- 

Therefore the above lemma implies that rj is a topologically trivial bundle. 
The proposition is proved. □ 

We proceed with the proof of Theorem |1 . 1| . Let M{A) be the maximal ideal 
space of A. Since z/(if°°) is dense in A, the transpose map 

iy*:M{A) — >M{H^) (z/*(0) = o i/) 

establishes a homeomorphism from M{A) onto some closed set E C M{H°°). Ac- 
cording to the result of Su'arez, dim M{H°°) = 2 which implies dim M{A) = 
dim E < 2. Further, matrix a can be thought of as a matrix-function defined on 
M{A) whose minors of order k satisfy inequality ( p,.lD at each point of M{A). Thus 
the required statement follows from Proposition p.l| . 
The theorem is proved. □ 

4. Proof of Theorem |2rtl . 

Let B C be a Euclidean ball and X be a discrete countable set. For points v,w & 
B X X , V = (^1,^2), w = {wi,W2) we define the semi-metric r{v,w) := \vi — Wi\, 
where |. — .| is the Euclidean distance on B. Let / be a bounded function on B x X 
uniformly continuous with respect to r. 

Lemma 4.1 There is a continuous function f on B x f3X such that flsxx = f (^nd 
SUPBX/3X I/I = supsxx I/I- 
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Proof. For any v & B function fv{x) := f{v,x) belongs to 1°°{X). By definition, 
there is a continuous function fy on j3X which extends /„. We set •= hiO 

and prove that / is continuous. In fact, let us take a point w = (v,^) & B x [3X and 
a number e > 0. By definition of /, there is 5 > such that for any pair of points 
Vi = {v, x) and V2 = (f ', x) from BxX with |t>— 1>'| < 6 one has i, x) — /(f2, x)\ < 
e/3. Define an open neighbourhood of v E B hj := {v' & B : \v — v'\ < 6}. 
Further, by definition of there is an open neighbourhood C jSX of ^ such that 
for any r] E U^we have \ fv{v) ~ fv{0\ < Consider := Uy x U^. Then is an 
open neighbourhood ofwEBx f3X. Note that Z^, — f^i is a function from 1°°{X) and 
for any v' G ?7t, its supremum norm < e/2. This implies that \ fviji) ~ fv'iji)\ < e/2 
for each rj G In particular, for any (x, rj) G f/^ we have 

|/(x,r/) - < |/x.(r/) - IM\ + - /.(Ol < ^ • 

This inequality shows that / is continuous at w G -B x f3X. □ 

Assume now that 5 C C" is a complex Euclidean ball and / is a bounded holo- 
morphic function on i? x X. Then is a uniformly bounded family of 

holomorphic on B functions and therefore normality implies that / satisfies condi- 
tions of Lemma [4.1| on every K x X, where if C -B is a compact, i.e., / is uniformly 



continuous with respect to semi-metric r. Let f E C{B x [3X) be extension of / 
determined in Lemma O. 



Lemma 4.2 For any ^ G (3X function f\Bx^ is holomorphic. 

Proof. Let O C i? be an open subset with O C B. It suffices to prove that f\ox^ 
is holomorhic for any O. Since / is uniformly continuous on the compact O x j3X, 
for any e > there is G X such that sup^g^ \ f{z,^) — f{z, x^)\ < e. In particular, 
/(■,^)|o is limit in C{0) of the sequence {f{-,Xi/k)}k>i of bounded holomorphic on 
O functions. Thus f\ox£, is also holomorphic. 
The lemma is proved. □ 

Remark 4.3 Similar arguments show that if / is a bounded on i? x X function, 
Lipschitz with respect to r then /|_Bxg is Lipschitz for any ^ G (3X. However, a 
similar statement for a uniformly bounded on B family of real analytic or smooth 
functions is false. 



Proof of Theorem 2.1 



Let p : Mg — > M be a regular covering over a compact manifold M and / G 
CdiMc). Recall that, by constructions of E{M,PG) and Mq (see Section 2), for 
V = Ujg/f/j X j3G there is a continuous surjective map s : V — > E{M, PG) such that 
for V = Ujg/t/j X G c restriction s := s|y is a continuous map onto Mq- Further, 
recall that f/j is homeomorphic to a Euclidean ball B and this homeomorphism 
determines a natural homeomorphism of Ui x G and B x G. Denote by a semi- 
metric on UixG which is the pullback of r by the above homeomorphism. Replacing, 
if necessary, in our construction the covering U = {f/jjjg/ by its finite subcovering 
and taking into account that metric d is invariant with respect to the action of G on 
Mg and compatible with topology of Mq, we may assume without loss of generality 
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that {f o s)\u,xG is bounded uniformly continuous with respect to rj. Now according 
to Lemma ^A\ , for every fi := (/ o s)\u,xg there is its extension fi G C{Ui x (3G). 
Further, the equivalence relation on V implies 

fiiz,g) = fj{z,gg,j) {z eU.nUj, g E G). 

Then by the definition of /j, i G /, for a fixed z G t/j fl Uj 

Uz,i) = l{z,ig,,) {ie(3G). 

This shows that there is a continuous function / on E{M, j3G) so that {f os)\u^xf3G = 
fi for any i G /. Moreover, /|a/g = /• Since Mq is an open everywhere dense subset 
of E{M, f3G), we also have 

sup I/I = sup I/I . 

E{M,f3G) Ma 

Thus we obtain a continuous extension of GdiMc)- It remains to prove that the 
extended algebra coincides with G{E{M, (3G)). 

Note, first, that since the construction of E{M,(3G) does not depend on the 
choice of covering U of M, we can consider that all Ui <Z M are compacts. Con- 
sequently, E{M,PG) is a compact as continuous image of the compact V. By 
definition, the base of topology on E{M,j3G) consists of the sets s(y x H), where 
V is an open subset of some f/j and H is a clopen (closed and open) subset of jSG, 
i.e., closure in j3G of a subset of G. 

Let hhe a continuous function on E{M, f3G). Then it is bounded and uniformly 
continuous. We have to prove that h\Mc ^ Gd^Mc), i.e., h is bounded uniformly 
continuous with respect to the metric d. Let us fix e > 0. We will point out a 
8 = 8{e) > such that for all x,y satisfying d{x,y) < 6 one has \h{x) — h{y)\ < e. 
From uniform continuity of h and compactness of E{M, f3G) it follows that for each 
X G M there is a finite open covering of the fibre p~^(a;) C E{M,PG) by sets Yi^^ 
such that 

(a) \h{v) - h{w)\ <e {v,w G Yi^^); 

(b) Yi^x = s{Wx X Hi), where Wx C M is an open neighbourhood of x homeomorphic 
to a ball and Hi C G. 

In particular, UiYi^^ = P~^{Wx) and Y^ = (UjFj^xO H Mq coincides with p~^(Wx) and 
if Z C is connected and v,w E Z then \h{v) — h{w)\ < e. Let {Yx-}j(zj be a finite 
covering of E{M,j3G) and {Wx }jeJ be the corresponding covering of M. For any 
connected component Z of Y^^ denote by aj its diameter with respect to d and set 
a := maxjgjaj. Clearly < a < oo. Since G acts discretely on Mq, d is invariant 
with respect to this action and compatible with topology on Mq, and the quotient 
M = Mg/G is a compact, we obtain 

inf d{x, gx) = b > 0. 

gGG,gj^e 

Doing, if necessary, a refinement of the covering {Y^.} we can assume that b — a > 0. 
Further, d*{p{x),p{y)) := inig^c d{x, gy) is a metric on the compact M compatible 
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with its topology. Then there is a positive number 6 = 6{e) < b — a such that every 
ball Bs G M of radius 6 with respect to d* belongs to one of Wx . We state that 

for any x,y & Mq with d{x,y) < 6 the inequality \h{x) — h{y)\ < e holds. 
In fact, according to our construction d* {p{x) , p{y)) < 5 and so there is W^- con- 
taining p{x) and p{y). Let Z he a connected component of p'^iW^ ) containing x. 
Then it also contains y. For otherwise, let gy & Z with g ^ e. Then 

S > d{x, y) > d{y, gy) - d{gy, x) > b - a . 

This contradicts to the choice of 6 and proves that g = e and so \h{x) — h{y)\ < e 
by the choice of {Yx }j(zj. 

The above arguments show that /^Img is a bounded uniformly continuous with 
respect to d function. 

Thus we proved that algebra Ccl{Mg) admits a continuous extension (preserv- 
ing the norm) to the compact E{M,(3G) and the extended algebra coincides with 
C{E{M,f5G)). Therefore the maximal ideal space of Q(Mg) is E{M,(3G). 

The proof of the theorem is complete. □ 



5. Properties of the Space E{M,pG 

5.1. All results of this section, except for compactness of E{M, (3G), are valid for a 
non-compact M. We recall 

Definition 5.1 For a normal space X , dim X < n if every finite open covering 
of X can be refined by an open covering whose order < n + 1. If dim X < n and 
the statement dim X < n — 1 is false, we say dim X = n. For the empty set, 
dim = — 1. 



Proof of Proposition |2.2| . (a) We already proved that E{M,(3G) is a compact 



Hausdorff space. By definition, it admits a finite covering by subsets homeomorphic 
to 5 X (3G, where S is a closed Euclidean ball in M" and n = dim M. We will 
show that dim B x I3G = n. Then E{M,j3G) is a finite union of compact sets of 
dimension n and therefore dim E{M,f3G) = n, see, e.g., [N], Th. 9-10. 

Since B x {e} G B x f3G, we obviously have dim B x (3G > dim B = n. Further, 
Theorem 26-4 of [N] implies 

dim B X (3G < dim B + dim f3G. 

Finally by the theorem of Vendenisov, see, e.g., [N], Th. 9-5, dim (3G = dim G = 0. 
Combining the above inequalities we obtain dim B x jSG = n. This proves part (a), 
(b) We begin with the following 

Lemma 5.2 For any ^ G (3G and g E G , g ^ e, one has ^g ^ and gC, 7^ ^■ 

Proof. We will prove this result for the right action of G on (3G. For the left action 
the proof is similar. Assume, to the contrary, that = ^ for some h ^ G, h e, 
^ G /3G. Set H := {/i", n E Z} G G. Consider right co-sets {Ga '■= gaH}aeA by the 
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action of H. Each Ga is disjoint union of Gafi and Ga,i, where Gafi '■= {dah"^, n £ 
2Z} and Ga,i := {fl-a/i", n e 2Z + 1}. Let Go = U„G„,o and Gi = U„G„,i. Then 
Go n Gi = and Go U Gi = G. Moreover, Go/i = Gi and Gi/i = Go- Obviously, (3G 
is disjoint union of closures Go and Gi. Assume, e.g., that ^ E Gq. Then E Gi 
and we obtain a contradiction. 
The lemma is proved. □ 

Let now x E Xq := (3G/G and ^ E [3G be a point representing x. Further, 
let V := Ujt/j X /5G be the same as in the construction of E{M,j3G) (see Section 
2). Consider set Vx := Ujf/j x ^G C V. For 2; G t/j fl Uj we identify points 
z X E Ui X C,G and 2; x ^^f^f^ G Uj x C,G. Here = {gij} E Z^{U,G) is a 
cocycle determining E{M, (3G). Now according to Lemma ^.2| there is a natural 
continuous one-to-one map of := Ujt/j x G into V sending z x g E Ui x G to 
z X ^g E Ui X C,G. This map commutes with the corresponding equivalence relations 
determining Mq and E{M, f3G), respectively. Therefore it determines a continuous 
one-to-one map : Mq — ^ E{M, f3G). Clearly z^(Mg) niy(MG) = for x 7^ y and 
E{M,PG) = L\xgXg'''x{Mg)- It is also worth noting that locally ix is an embedding. 
This proves part (b). 

(c) Let / : V — > E{M,(3G) be a continuous mapping of a connected and locally 
connected space V . We prove that there is x G Xq such that fiV) C ix^Mc). For 
every v E V consider f{y) E E{M,PG). Let f//(i,) be an open neighbourhood of 
f{v) homeomorphic to O x H, where O C M and H C /?G are open and f//(«) C 
p~^{0) (see description of topology on E{M, l3G)). Then there is a connected open 
neighbourhood eV oiv such that fiU^) C Let tto be the projection from 
p^^(O) onto a fibre of E{M,/3G) inside (homeomorphic to (3G). Then ttq ° f maps 
f/t, onto a subset of PG. Since the above mapping is continuous, is connected 
and /3G is totally disconnected {dim j3G = 0), we have (ttq o /)|(7„ is a constant 
map. In particular, there is a; G Xq such that /(f/y) C Ix^Mg). Further, since V is 
a connected space, there is U^' with similar properties such that U^' fl t/^, 7^ 0. Let 
x' E Xg be such that f{Uv') C ix'iMc). Then the above condition implies ix'^Mc) fl 
ixlMc) 7^ 0. Therefore according to Proposition ^]2| (b), x' = x. Continuing by 
induction we finally obtain fiV) C ixiMc). The proof of part (c) is complete. 

(d) Let x,y E E{M,j3G) be different points and p{x),p{y) their images in M. Let 
■jx,y be a path connecting ^(x) with p{y) and {7i}je/ be a family of closed paths 
with origin at y which generates fundamental group iti{M). Consider compact 
space Ex^y := p~^{jx,y U (Uig77i)) C E[M,j3G). Arguments similar to those used in 
(a) applied to Ex,y show that dim Ex^y = 1. Further, by the Covering Homotopy 
Theorem Ex^y fl Mq is an open arcwise connected everywhere dense subset of Ex^y. 
This imphes that Ex^y is connected. Let lx,y be a compact connected subset of Ex^y 
containing x and y. Then it is one-dimensional. For otherwise, dim lx,y = and 
therefore lx,y is totally disconnected that contradicts to its choice. 

Assume, in addition, that Ix^y is locally connected. Then according to part (c), there 
is 2 G Xg such that Ix^y C iz{MG)- In particular, x,y E iz{MG)- The converse to 
this statement is obvious: if x, y G iziMc) for some z E Xg then there is a compact 
path 7 C Mg such that ^^(7) contains x and y. (Note also that izl-y : 7 — ^ ^zil) is 
a homeomorphism) . This proves part (d). 



11 



The proposition is proved. □ 

Remark 5.3 There is a natural continuous surjective map e of E{M,(3G) \ Mq 
onto space E{Mg) of ends of Mq (it is a totally disconnected compact Hausdorff 
space). If x,y G e~^(a) for some a G E{Mg) then one can also choose l^y inside 
e-\a). 

5.2. In this section we study maps ■ Mq — > E{M,PG), x G Xq, which are 
embeddings (i.e., homeomorphisms from Mq onto ixiMc)) and are not embeddings. 

Let Y = p~^{y) be fibre of the bundle p : Mq — > M over a point y G M. 
Consider set Z := ixiY) C E{M,PG) and denote Cl{Z) the set of limit points of 
Z. 

Proposition 5.4 is an embedding if and only if Cl{Z) Z = 

Proof. Assume that ix is an embedding. Since Y C Mq is discrete, its image Z is 
discrete in E{M, (3G). In particular, Cl{Z) does not contain points of Z. 
Conversely, assume, to the contrary, that Cl{Z) fl Z = but there is a discrete 
sequence {xk}k>i of points of Mq so that the limit set Cl{X) of X := ix{{xk}k>i) 
has non-empty intersection with ixlMc)- 

Lemma 5.5 There is a continuous map ix '■ E{M,f3G) — > E{M,f3G) which ex- 
tends ix, i.e., ix\Mo ~ '^x- 

Proof. For every continuous on E{M, (3G) function / consider the function /' := /o 
ix on Mg- Then it follows easily from uniform continuity of / that /' G CdiMc), i.e., 
it is bounded and uniform continuous with respect to the metric d. In particular, /' 
admits a continuous extension /' to E{M, f3G). Clearly, the correspondence f ^ f 
is a continuous morphism of Banach algebra C{E{M, j3G)) to itself. In turn, this 
morphism determines the continuous transpose map ix '■ E{M,f3G) — > E{M,i3G) 
which extends ix- 

The lemma is proved. □ 

Let X' C E{M,(3G) be closure of {xk}k>i- Obviously, C(X') = X. By our 
assumption, there is a limit point s E X' of {xk}k>i such that ix{s) = ix{z) for 
some z G Mq- Assume also that s belongs to it^Mc) C E{M,PG), for some 
t G Xq. Further, by definition of E{M,(3G) closure of Y in E{M,(3G) has non- 
empty intersection with it^Mc). Let v G Y nit{MG). Then according to Proposition 

(c), the set {ix o it){MG) belongs to some ii^Mc). But this set contains also the 
point ix{z) that implies I = x. In particular, ix{v) G ix^Mc). Since, by definition, 
ix{v) G Cl{Z), we have that Cl{Z) fl ix^Mc) 7^ 0- But closure Z lies in the fibre 
p^^{y) over y G M. Thus Cl{Z) Cl Z ^ (/} that contradicts to our assumption. 
Therefore for any discrete sequence of points of Mq its image under ix is discrete in 
E{M,i3G). This proves that ix is an embedding. 

The proposition is proved. □ 

We will show now how to construct maps ix ■ Mq — > E{M,PG) which are 
embeddings. 
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Let us fix a system {Gi} of finite subsets of tlie group G so tliat G^ = Gi and 
Gi C Gj+i and UGj = G \ {e}. Construct by induction tlie following sequence {gi} 
of elements of G: 

Qi is an arbitrary element and then we take Qn as an element from complement 

to 

Then clearly for any i, n we have Qn QiGi. Let now ^ G /3G be a limit point of {gi} 
and X := x(^) G be the element corresponding to ^. 

Proposition 5.6 ix determines an embedding of Mq into E{M, j3G) . 

Proof. According to Proposition ^]4| it suffices to prove that {C,G} is a discrete 
subset of l3G. (Here we identify fibres of E{M,f5G) with f3G.) Note also that it 
suffices to prove that ^ itself does not belong to the limit set of {^G}. Assume, to 
the contrary, that there is a discrete net {ha} C G such that limaC,ha = ^. Let us 
construct function / on G by 

f{9i) = 1 ^ = 1, 2, ... and f\G\{g,} = 0. 

Let / be the continuous function on jSG which extends /. Then, by definition, 
/(^) = 1. Let us prove that f{^g) = for any g ^ e. In fact, consider the sequence 
{gig}i>i- Then clearly its closure contains ^g. By definition, there is a number iq 
such that g G Gj for any j > iq. But the construction of {gi} implies that {gjg}j>iQ 
does not intersect {gi}- In particular, f{gjg) = for any j > iq. Therefore we 
obtain f{^g) = for any g & G, g ^ e. This gives the contradiction to the condition 

lim«/(eU = /(0. 

The proposition is proved. □ 

We present now non-homeomorphic maps '■ Mq — > E{M, jSG). We use the 
following 

Lemma 5.7 There is a multiplication ■ : f3G x /3G — > f3G converting f3G into a 
semigroup. Moreover, for g (z G the mapping ^ ^ ^ ■ g, ^ & I3G coincides with the 
right action of G on j3G and for any C, G l3G the mapping rj \—>- rj ■ C,, tj & (3G, is 
continuous. 

Proof. Let ^ G I3G. Consider the set o{S,) := {^5'}gGG- The restriction of a function 
from C{j3G) to o(^) determines a continuous homomorphism of C{f3G) into 1°°{G). 
Denote by : f3G — > (3G the continuous transpose map of maximal ideal spaces 
corresponding to this homomorphism. Further, let us consider the space T of all 
mappings (3G — > (3G with the product topology. Then T is a compact Hausdorff 
space. Let K be closure in T of the group G acting by right transformations on j3G. 
By definition, K is a, semigroup (in discrete topology) and the mapping 7] ^ f] o ^, 
rj & K, is continuous for any fixed G PG. Assume now that a net {gj}j&j of 
elements from G converges io k E K. Then, for any ^ G (3G the element k{S,) G (3G 
is defined as 
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In particular, this formula applied to ^ = e states that there is limit rj = Mmj gj G 
f3G. But then we clearly have fc(^) = f$^{f])- Define now map i : K — > f3G by 
i{k) = k{e). It is obviously bijective and continuous in the topology on K induced 
from T. Therefore this map is homeomorphic. Then for ?7, ^ G (3G we determine 



The required properties of the multiplication follow easily from this definition. 
The lemma is proved. □ 

Let now ^ G (30 \ G be an idempotent with respect to the above multiplication, 
i.e., ^ ■ ^ = C, (its existence for compact semigroups is proved, e.g., in [F], p. 159, 
Lemma 8.4). Then : Mq — > E{M,l3G) is not embedding. In fact, the limit set 
of {Cg}geG contains ^. Thus the required statement follows from Proposition |5!4. 



6. Approximation Theorems. 

In this section we prove a theorem on approximation of continuous functions on 
E{M, j3G). Assume that the manifold M has one of the structures: Lipschitz, C°°, 
real analytic or holomorphic. Denote by S one of the above categories. 

Definition 6.1 A complex-valued function f G C{E{M, j3G)) belongs to £ if the 
function f oix belongs to £ on Mq for each x G Xq- 

Similarly to this definition one can define sheaves of Lipschitz, C°°, real analytic or 
holomorphic functions on E{M, f3G). 

Assume now that M is a compact real analytic manifold and Cfi{E{M, (3G)) is 
the Banach space of real- valued continuous functions on E{M, (3G). 

Theorem 6.2 The space of real analytic on E{M,i3G) functions is dense in 
C^{E{M,/3G)). 

Proof. According to Grauert's theorem, see [Gr], sect. 3, M admits a real ana- 
lytic embedding into some M"; so without loss of generality, assume that M C M"'. 
Further, since any compact of M" is polynomially convex in C" with respect to holo- 
morphic polynomials (a consequence of the Weierstrass approximation theorem) and 
M is smooth, there is an open connected neighbourhood t/ C C" of M such that: 

(a) M is a deformation retract of U; 

(b) U is a Stein manifold; 

(c) U is invariant with respect to the involution s on C" defined by complex con- 
jugation of coordinates. 

According to (a), we have an isomorphism 7ri{U) = 7Ti{M). Then by the Covering 
Homotopy Theorem there is an analytic embedding : Mq — > Uq, where Ug is a 
regular covering over U with the covering group G. (Denote the covering projection 
of Ug onto U hj p (as for Mg)-) Moreover, Ug is also a Stein manifold. Clearly 
iG determines an embedding tG : E{M,f3G) — > E{U,f3G) such that for every holo- 
morphic on E{U,(3G) function / the function / o is complex-valued analytic on 
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E{M,PG). (We will say that ic is an analytic embedding.) Without loss of gener- 
ality we may now assume that E{M,PG) C E{U,PG). 
We prove that 

(1) for any different points Xi,X2 G E{M,f]G) there is a holomorphic function on 
E{U, (3G) separating them. 

(2) restrictions of holomorphic on E{U,f3G) functions to E{M,f3G) generate a self- 
adjoint with respect to complex conjugation algebra A. 

Then according to the classical Stone- Weierstrass theorem A is dense in complexifi- 
cation of C-r{E{M, f3G)). To complete the proof of the theorem it will be sufficient 
to take real parts of elements of A, 

Proof of (1). Let p{xi),p{x2) G M be projections of Xi and X2- Assume 
that p{xi) 7^ p{x2)- (if these points coincide the proof is similar). Let E^^jE^.^ C 
E{M,(3G) be fibers over p{xi),p{x2). We prove that for any complex continuous 
functions /i , /2 determined on E^-^ and E^^ , respectively, there is a holomorphic 
function / on E{U,(3G) such that /Ie^. = fi, i = 1,2. This will imply (1). 

The natural right action of G on itself determines a natural isometric action on 
1°°{G). Let g = {gij} G Z^(U, G) be a cocycle determining the bundle p : Mq — > M 
(see Section 2). Then we can also think of (7 as a family of linear endomorphisms 
of 1^{G). Using this cocycle g = {gij} G Z^{U,GL{l°^{G))) we construct a Banach 
holomorphic vector bundle F over M with fibre 1°°{G) by a construction analogous 
to the construction of Mq (see Section 2.1 and definitions in [B], sect. 4). Namely, F 
is the quotient space of disjoint union Ujg/f/j x 1°^{G) by the equivalence relation: 
Ui X 1°°{G) 3 {x,v) ~ {x,vgij) G Uj x l°°(G). Here we denote v ^ vg the action 
of g on 1°^{G) induced by right multiplication on G. Let now r : U — > M be the 
retraction from property (a) for the manifold U. Consider the covering r~^{U) = 
{r~^{Ui)}i^j of U, where U = {t/jjig/ is the above covering of M. Then Ug can be 
defined by cocycle g = {gij} G Z^{r~^(h{),G) with the same elements gij. Similarly 
to the construction of F we construct a Banach holomorphic vector bunlde E over 
U with fibre /~(G) by the cocycle g = {gij} G Z\r~\U),GL{l°^{G))). Obviously 
we have, E\m = F. 

Consider now a vector space 5* of holomorphic functions / on Ug such that 
sup^gp-i(Q) 1/(^)1 < 00 for any compact O C U. Then there is a natural isomorphism 
between S and the space of holomorphic sections of E. Indeed, if / G S* then it 
can be written in local coordinates {z,g), z G r^^{lJi) C U, g & G, i E I as 
fi = {f{gSi{z))}g^G, where Sj : r~^(f/j) — > Ug is a local holomorphic section of the 
bundle p : Ug — ^ U over r~^{Ui). From the normality of family fi it follows that 
{(/j, f/j)}jg7 uniquely determines a holomorphic section s of E such that = /». 
Further, according to Theorem |2.1| and Lemma f4.2| any function from 5* admits an 
extension as a holomorphic function on E{U,j3G). Conversely, for any holomorphic 
on E{U,(3G) function / the function f\u^ G S. 

Let O^; be a Banach coherent analytic sheaf of germs of local holomorphic sec- 
tions of E and J be its subsheaf of germs of local holomorphic sections vanishing 
at p{xi) and p{x2). The natural embedding p{xi) U ^(^2) C U induces surjective 
homomorphism of sheaves Oe — ^ Oxj^,x2i where Oxi,x2 is the sheaf of sections of E 
over p{xi) Up{x2)- Clearly its kernel coincides with J and the factor sheaf Oe/<J 



15 



is isomorphic to Oxj^,x2- K is well-known that the following sequence of cohomology 
of sheaves 

H%U, J) ^ H%U, Oe) ^ H\U, Oe/J) H\U, J) ^ ... 

is exact. Moreover, according to results of Bungart (see [B], sect. 4), H^{U,J) = 0. 
In particular, there is a holomorphic section f of E whose restrictions to p{xi) and 
p{x2) coincide with /i|p-i(p(xi)) h\p-i{p{x2))y respectively. It remains to take the 
holomorphic function on Ug which represents / and extend it to E{U,(3G). This 
proves (1). 

Proof of (2). Since U is invariant with respect to the involution s defined in (c) 
and s induces identity authomorphism of 7Ti{U), the Covering Homotopy Theorem 
implies that there is an involution s' of Ug which covers s such that s'\mc is trivial. 
By definition of s', for each holomorphic section f of E, f o s' is also holomorphic 
section of E and its restriction to M coincides with /|m- Identifying as in the 
proof of (1) holomorphic sections of E with holomorphic functions on E{U,j3G) we 
obtain that for each holomorphic on E{U, (3G) function / there is a holomorphic on 
E{U,PG) function h such that h\E{M,i3G) = f\E{M,/3G)- This proves (2) and completes 
the proof of the theorem. □. 

Remark 6.3 Similar to Theorem |6.2| statements are also valid for approximations 
by Lipschitz or C°° functions. The proof goes along the same lines and might be 
left to the reader. 



Remark 6.4 Arguing as in the proof of Theorem |6.2| one can obtain another proof 
of classical Bernstein's theorem on uniform approximation of bounded uniformly 
continuous (with respect to the Euclidean metric) functions on M" by restrictions 
of entire functions of exponential type bounded on R". The essential component of 
the proof is that covers a torus T". 



7. Analytical Part of Maximal Ideal Space of H^. 



In this section we prove Theorem |1.2| . Let M be a complex compact Riemann 
surface of genus g > 2 and G its fundamental group. Then G acts on D by Mobius 
transformations. Consider the compact space E{M,G). We begin with description 
of the maximal ideal space M{H°°) as a quotient space of E{M, G). 

By definition, D is embedded in E{M,f3G) as an open everywhere dense subset 
and every function / G H°° admits an extension to a holomorphic function on 
E{M, j3G) (see Lemma |4.2| and Theorem |2.1| ). We identify / with its extension and 
say that H°° is defined on E[M, j3G). For points x,y & E{M,f3G) we say that x 
is equivalent to y if f{x) = f{y) for any / G Then the quotient space E of 

E{M,(3G) by this equivalence relation is a compact Hausdorff space in the factor 
topology defined by 

U G E is open if and only if its preimage in E{M, (3G) is open. 
Denote by F : E[M, (3G) — > E the corresponding quotient map. Then F is 



16 



continuous and surjective. Further, note that H°° separates points of D and if 
X G D and y & E \ 3 then x is not equivalent to y. In fact, for coordinate function 
z G H°° we have \z{x)\ < 1 but \z{y) \ = 1. This shows that F embeds D into E as an 
open everywhere dense subset. Now for every g G H°° there is a unique continuous 
function g' on E such that F*g' = g. Therefore without loss of generality we may 
assume that H°° is defined on E. Clearly, H°° separates points of E. 

Proposition 7.1 E is homeomorphic to the maximal ideal space M{H°°). 

Proof. Since H°° is a subalgebra of C{E) and for any x & E and / G H°° we have 

< supjj I/I, every point of E determines a continuous homomorphism of 
Therefore there is an embedding i : E "—^ M{H°°). Then i{E) is a compact subset 
of M{H°°). By the corona theorem D is everywhere dense in M{H°°). This implies 
that i is surjective. So i is a homeomorphism as a continuous bijection of Hausdorff 
compacts. 

The proposition is proved. □ 
Proof of Theorem |1.2| . (a) We recall the following 



Definition 7.2 ^4 sequence {zj} G 3 is an interpolating sequence if for every 
bounded sequence of complex numbers {aj}, there is an f G H°° so that f{zj) = aj. 

A sequence {gj} C G is said to be interpolating if {gj{0)} C D is interpolating. Let 
Gin C PG be the set defined by 

^ G Gin iff there is an interpolating sequence {gj} C G such that ^ G {gj}- 
In Lemma |7.5| we prove that Gin is invariant with respect to the right action of 
G. Therefore similar to the construction of E{M,f3G) one can construct a locally 
trivial bundle E{M, Gin) over M with fibre Gin (by the same cocycle g G Z^{U, G) 
determining E{M, jSG)). Moreover, since Gin C j3G, this bundle has a natural 
embedding into E{M, jSG). We will show that F\E(M,Gi„) ^ homeomorphism onto 
the analytical part C M{H°°). This will complete the proof of (a). In our proof 
we use the following facts. 

Definition 7.3 A positive measure fi on H is a Carleson measure if fj^{sh) < Ch 
for every sector Sh = {re*^ G D : 1 — h < r < 1,\9 — 9o\ < h}. The least constant 
C is called the norm of Carleson measure fi. 

The following theorem of Carleson characterizes interpolating sequences, see [CI]. 

Theorem 7.4 The following are equivalent for a sequence of points {zj} in 3: 
(a) {zj} is an interpolating sequence; 

' Zk - Zj 



(b) n 



(c) 



1 - ZjZk 
Zk — Zj 



> 5 > for all i; 



> a > for all k ^ j and the measure /i = ^(1 — l^^jp)^^^. is a 

i=i 



1 — ZjZk 

Carleson measure. (Here 6zj is the Dirac measure at Zj.) 

The number 6 in (6) will be called the characteristic of interpolating sequence {zj} 
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Lemma 7.5 For any ^ G Gin o,nd g E G the element belongs to Gin- 
Proof. Without loss of generality, assume that ^ G PG \ G. Let {gj}j£j C G be a 
net converging to ^ such that {gj{0)} C D is an interpolating sequence. Consider 
sequence {gjg}, g 7^ e. By definition, < p{gj{0), gjg{0)) = p{0,g{0)) := a < 1. 
Now according to Corollary 1.6 of Ch. X and Lemma 5.3 of Ch. VII of [G], sequence 
{(?j(0)} can be decomposed into a finite disjoint union of subsets A''^, i=l,...,k, such 
that every Ni is an interpolating sequence with the characteristic Si > and for 
any fixed i the sequence {gig{0)} with gi{0) G Ni is interpolating. Clearly there 
is a number s such that closure {gig{0)} C Gin, gi € Ng, contains C,g- Then, by 
definition, ^g G Gin- 

The proof of the lemma is complete. □ 

For any interpolating sequence {zj} C © consider its closure {zj} C E{M,(3G). 
Let I C E{M,i3G) be union of all such closures. 

Lemma 7.6 Algebra H°° C G{E{M, (3G)) separates points of I . 

Proof. Let rii,ri2 G / be different points. Since E is a. compact Hausdorff space 
there are open neighbourhoods Vi of rji, i = 1,2, such that Vi fl V2 = 0. Without 
loss of generality we may assume that Vi = Oi x Hi, where Oi, Hi are open subsets 
of M and PG, respectively (see the description of topology on E{M, (3G)). Let now 
Xi = {xji}j C Vi n D be an interpolating sequence such that rji is its limit point, 
i = 1,2. We prove that xi U X2 is also an interpolating sequence. In fact, according 



to property (c) of Theorem it suffices to check that 

>a>0 for all k,j. (7.1) 



1 - Xj2Xkl 

Let p : E{M,(3G) — *• M be the projection. Consider two cases. 
1- Pivi) Piv^)- In this case we can choose Vi and V2 such that Oi fl O2 = 0, 
where Oi := p{Vi), i=l,2. Assume, to the contrary, that ( |7. 1] ) is wrong. Then 
the pseudohyperbolic distance d{Vi fl D, V2 fl D) := inf^gy-^nn.tuGVbnD p{z, w) between 
Vi n D and V2 fl D equals 0. In particular, d{p~^ (Oi) , p^^ {O2)) = 0, where p = p\d. 
Since p is equivalent to the Euchdean distance on each compact subset of D and 
is invariant with respect to the action of the group of Mobius transformations, 
the above condition implies that p~^{Oi) r\p'^{02) 7^ 0. It remains to note that 
p^^{Oi) C p~^(Oi). This gives a contradiction to the condition Oi fl O2 = 0. 
2. p{rii) = ^(772)- In this case we can choose Vi, V2 such that Oi = O2, but HiH G 
and H2 n G are non intersecting subsets. Since G acts discretely, cocompactly on 
D and p is invariant with respect to this action, we have p{gx, x) > a > for 
every g ^ e and a; G D. Further, let us consider the fiber o = p~^(p(?7i)) C D. 
We may assume without loss of generality that Oi is so small that the distance 
d{{y},o) < a/4 for each y e Vi n B, i = 1,2. Let a; G n D and ?/ G V2 n D 
and xi,yi G o be nearest to x,y points (the infimum for the distance is attained). 
Applying the triangle inequality for p we obtain 

pix,y) > |p(a;,a;i) - p(xi,y)| > p{xi,yi) - p{yi,y) - p{x,xi) > a/2. 
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Here Xi = gyi for some g ^ e (this follows from our assumption {Hi\~\G)r\{H2^G) = 
0) . So we proved that the sequences xi and X2 are separated in the pseudohyperbolic 
metric that is equivalent to (|7. 1|) . 

Thus X1UX2 is an interpolating sequence. Let now / G H°° be such that fl^^ = 
and /|a;2 = 1. Then clearly /(771) = and f{ri2) = 1. This completes the proof of 
the lemma. □ 

According to Hoffman's theorem, see, e.g. [G], Ch. X, Th. 2.5, every point of 
Ma is in the closure of an interpolating sequence. On the other hand, the above 
lemma shows that quotient map F : E{M,j3G) — > M{H°°) is one-to-one on I and 
image F{I) coincides with M^. 

Lemma 7.7 / = E{M,Gin). 

Proof. Let w G / be a point from the disk i,,(D), f] G Xq- We will prove that 
w G E{M, G,n)- 

Let {xj}j^j C D be a subnet of an interpolating sequence converging to w. Consider 
{p{xj)} C M. Since p : E{M, I3G) — > M is continuous, limj p{xj) = p{w). Let 5 be 
the characteristic of {xj}j^j defined by Theorem |7.4| (b). Then we can find an open 
neighbourhood U <Z M oi p{w) and a subnet S of {xjjjgj (we denote its elements 
by the same letters) such that: 

(1) p'^iU) C D is disjoint union of open sets homeomorphic to U; 

(2) for each Xj G S there is Wj G p~^{p{w)) such that p{xj,Wj) < 6/3. 

Then by Lemma 5.3 of Ch. VII of [G], {wj} is also an interpolating sequence with the 
characteristic > 6/3. Moreover, condition limj p{xj) = p{w) implies limj p{xj,Wj) = 
0. In particular, for any bounded on D function / uniformly continuous with respect 
to p, 

lim|/(x,)-/(«;,)| = 0. 

But, by definition of E{M,PG), limj f{xj) = f{w). Therefore limj f{wj) = f{w) 
and so limjWj = w. Further, without loss of generality we may assume that {wj} 
consists of different points. Consider the orbit {g{0)}gQG- By definition, there is a 
positive number r < 1 such that this orbit is an r-net in D with respect to p. In 
particular, for every Wj there is gj G G so that p{wj, gj{0)) < r. Now according 
to Corollary 1.6 of Ch. X and Lemma 5.3 of Ch. VII of [G] the set {wj} can be 
represented as a finite disjoint union of subsets Ni, i = l,...,k, such that every 
Ni is an interpolating sequence with the characteristic 6i > and any sequence 
{ui\ satisfying piu^xi) < r for xi G iVj is interpolating. Let s be such that closure 
Ng C E{M, PG) contains w. Then there is a subnet W of the net {wj}j^j converging 
to w which consists of elements of A^^. Let {gi} C G be such that p{gi{0),wi) < r 
for wi G W. Then the sequence {gi{0)} is interpolating. Denote by 5* the set of 
indexes of the {gi}. Consider now the map D : S xlD — > © given by 

D{l,z) ■.= gi{z). 

Clearly, for each bounded function / on D uniformly continuous with respect to p the 
function D*f generates a uniformly bounded uniformly continuous with respect to 



p family of functions on D. Therefore according to Lemma |0| , there is a continuous 
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map D : [3S x D — > E{M,PG) which extends D. Let zj be such that D{zj) = Wj 
{j = 1, 2, ...). Then Zj is in the compact (3S x B^, where Br is the closed ball with 
respect to p of radius r centered at G ©. Consider limit point z G (33 x © of {zj} 
such that D{z) = w. Further, let ^ x © c f3S x © be the disk containing z. Then, by 
definition, D{C, x D) coincides with some Therefore w G i^(D) ni^(D) and so 

ip = T] (by Theorem |2.2|). Let {hi} C {gi} be a subset such that its indexes generate 
a subnet converging to ^. Then {hi{0)} is interpolating and lim//ii(D) = 'i^(D). In 
particular, i^(D) C E{M,Gin) and so t;; G E{M,Gin). 
We proved that J C E{M, Gin). It remains to prove that E{M, Gin) C /. 
Let y G ^,,(2;) C E{M,Gin). By definition, there is a net {gj}j^j such that {5'j(0)} 
is an interpolating sequence, lim^fyfj = ^ G Gj„ and ^ represents t] G X^. In 
particular, limjgj{I}) = in(^) and there is 2; G D so that limj gj{z) = y. Clearly, 
p{gj{0), gj{z)) = p(0, z) := a < 1. Then arguments similar to those used in the proof 
of Lemma [7^ show that there is a subsequence {gi}ii^L of {gj} such that {gi{z)} is 
an interpolating sequence whose closure contains y. Thus y & I. 
The lemma is proved. □ 

Let H C (3G be closure of an interpolating sequence. Then H is open by the 
definition of topology on f3G. Further, Gin is union of all such H and therefore it 
is also open in (3G. Now the set E{M, Gin) is a bundle over M with an open fibre, 
and, so it is an open subset of E{M, (3G). In fact, E{M,Gin) can be covered by a 
finite number of open sets homeomorphic to U x Gin, where U G M is open. 

To complete the proof of part (a) of the theorem we establish the following 

Lemma 7.8 Let z G E{M,j3G) he such that F{z) G M„. Then z G E{M,Gin). 

This together with the previous lemmas will show that F\E(M,G^n) i^ ^ homeomor- 
phism onto M^. 

Proof. Assume, to the contrary, that z ^ E{M,Gin) and let {zj} C D be a net 
converging to z. Since F{z) G Ma, there is a net {xjjjgj from elements of an inter- 
polating sequence which converges to F{z) in M{H°°). Let B be an interpolating 
Blaschke product with zeros 5* = {xj}, and suppose that 

inf(l - \xA'^)\B\xj)\ > 5 > 0. 

Note that 5 coincides with the characteristic of {xj}. Now according to Lemma 1.4 
of Ch. X of [G], there are A = A(5), < A < 1, and r = r{5), < r < 1, such 
that the set B^ := {z E'Si ; \B{z)\ < r} is the union of pairwise disjoint domains Vn, 
Xn € Vn, and 

K C {z G D ■,p{z,Xn) < A}. 

Consider open set U = {v e M{H°°) ; \B{v)\ < r}. Since B{F{z)) = 0, f/ is an 
open neighbourhood of F{z). Furthermore, by definition, the net {zj} converges to 
F{z) in M{H°°) (we assume that Flu is identity map). Therefore there is a subnet 
of {zj} containing in U which converges to F{z). (Without loss of generality we 
may assume that the net itself satisfies this property.) Further, f/flD coincides with 
UnVn and so {zj} C U„\4. Let gn be a Mobius transformation such that gn{0) = Xn 
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and S denote the set of indexes of Consider the map h : S x 1} — > D 

defined by h{l,z) = gi{z). Then arguments of Lemma [7.7| show that h admits a 
continuous extension h : jdS x © — > E{M,PG). Further {zj} C U„y„ and for each 
Zj G Zn '■= {zj} n Vn there is yj & n x such that h{yj) = Zj. Here Br is the 
closed ball in D with respect to p of radius r centered at 0. Let Y C pS x Br be 
closure of {yj} in /JS* x D. Then is a compact in E{M, j3G) containing {zj}. In 
particular, there is y G F such that h{y) = z. Assume that ?/ G ^ x D, ^ G (5S. Then 
the set /;,(^ x D) belongs to some disk i^(D), ri G X^. But by definition, x 0) is a 
limit point of the interpolating sequence {xj\. Therefore x 0) G E{M,Gin) and 
ir^{V>) C E(M,Gin). This shows that z G E{M,Gin) and contradicts to the original 
assumption. 

The lemma is proved. □ 

So we proved that E : E{M, G^n) — > Ma is one-to-one and F-^(Ma) = E{M, G^n) 
is open in E{M,(3G). Therefore C M{H°°) is open and E : E{M,Gin) — > Ma 
is a homeomorphism. The proof of part (a) is complete. 

Since Ma C E{M, j3G), statements (b) and (c) follow directly from the correspond- 
ing statements of Theorem |2TT| and Proposition |2.2| (c). 



The proof of Theorem 1.2 is complete. □ 



Remark 7.9 Based on Theorem |1.2| one obtains an alternative proof of the result 
of Suarez asserting that dim M{H°°) = 2. In fact, according to Proposition |2]^ 
(a), dim K < 2 for any compact K C Ma- Moreover, by Theorem 3.4 of [SI], 
dim M{H^) \Ma = 0. Then dim M{H°°) = 2 by [N], Ch. 2, Th. 9-11. 

We complete this section by the result similar to Proposition |2.2| (d). 

Proposition 7.10 For any different points x,y & M{H°°) there is a connected 
one- dimensional compact set lx,y C M{H°°) containing them. 

Proof. Let Xi.yi G E{M,i3G) be such that E{xi) = x and E{yi) = y. By 
Proposition |2]^ (d), there is a connected one-dimensional compact set I C E{M, (3G) 
containing Xi,X2- Then l^^y := E{1) C M{H°°) satisfies the required property. 
Actually, by Theorem |1.2| , dim K < 1 for any compact K C Ma H Ix^y But 
dim l^^y n {M{H^) \ Ma) < by [SI], Th. 3.4. Therefore dim < l' by [N], 
Ch. 2, Th. 9-11. Moreover, l^^y is connected because E is continuous. Thus 
dim lx,y = 1 (otherwise it is totally disconnected). □ 



8. Subsets of M^. 

In this section we prove results of Section 2.2. 

Proof of Theorem |2.3| . Let X be a complex Riemann surface which admits a 
non-constant bounded holomorphic function. Let r : D — > X be the universal 
covering over X and H = 7ii{X). We begin with the following 

Lemma 8.1 For every z G X the sequence {r~^{z)} cBi is interpolating. 
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Proof. Let / be a non-constant bounded holomorphic function on X. Then clearly 
r* f e Assume, without loss of generality, that r* f vanishes at points of r~^{z). 
Further, we can also assume that G r^^{z). In fact, let y G r^^{z) and y ^ 0. 
Then there is a Mobius transformation g of D, such that g{y) = 0. Moreover, g is 
equivariant with respect to the actions on D of groups H and gHg~^, respectively. 
In particular, it determines a biholomorphic mapping g between quotient spaces 
X = D/if and Y = I}/gHg^^. Thus Y satisfies conditions of our lemma. Now if 
we prove that {ghg^^{0)}h^H is interpolating, then r^^{z) = {h{y)}h,^H will be also 
interpolating. 

So let r*f be vanishing at {h{0)}h^H- Then according to Th.2.1, Ch. II of 
[G], I]/i6h(1 ~ 1^(0)1) < C)0. To prove that {h{0)}h£H is interpolating we check 



property (b) of Theorem |7!j. Since the pseudohyperbolic distance p is invariant 
with respect to the action of the group of Mobius transformations, it suffices to 
check that Uh^eW)] ^ 0. Let Hi C H he such that 1 - \h{0)\ < 1/2 for any 
h G Hi. Set H2 = H\ H^. Note that ii h e H^ then log|/i(0)| > -2(1 - \h{0)\). 
Summing these inequalities we obtain 

Y: log|M0)|>-2 ^(1-|M0)|)>-oo. 

Taking the exponent in the above inequality and noting that H2 is a finite set we 
get 

niMo)i7^o. 

Therefore {^(0)} is interpolating. According to the remark given in the proof this 
case is general so {h{y)} is interpolating for any y G D. 
The lemma is proved. □ 



Remark 8.2 Similarly to the proof of case (1) of Lemma [7.6| one deduces from the 
above lemma that for any ,21,^2 ^ X sequence r^^{zi) U r^^{z2) is interpolating. 

Consider now the bundle E{X,i3H) over X with fibre jSH. Then as before we have 

(a) © is embedded into E{X,j3H) as an open everywhere dense subset; 

(b) every / G H°° has a continuous extension to E{X,f]H) (denoted by the same 
letter) such that for each r] G Xh, the function f o belongs to H°°; 

(c) dim E{X,f3H) = 2. 



According to Lemma iA and Remark 8^ H°° separates points of E{X, l3H). There- 



fore there is a continuous injective mapping / : -E(X, (3H) — > Ma- By Theorem |T]^ 
(c) for any r] G /JH/H, there is m G M{H°°) such that /(i^(D)) belongs to Gleason 
part P[m). Moreover, let ^ G (3H represent rj and {hj}j^j be a net of elements of H 
converging to ^. By definition, I{i^{z)) = limj hj{z) in M{H'^) for any z G ©. Then 
the arguments of Th.1.7 of Ch. X of [G] show that /(z^(D)) = P{m). Obviously, 
for any / G H°° the function f o I oi^ G It remains to prove that for any open 
U C E[X,(3H) its image I{U) is open in Ma. 

It suffices to prove the statement for open sets generating a basis of topology on 
E{X,l3H). We now describe such sets. Let r : E{X,PH) — > X be the projection 
and r = r\o. Consider a point z G X and the set r^^{z) = {zi} C D. Let e be so 
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small that for := G D ; p(-2, Zi) < e} we have Vi fl V^- = for i 7^ j and for each i 
the mapping r\vi maps univalently Vi onto an open neighbourhood U of z & X. Let 
{-2ni}j>i be a subset of {zn}- Denote V = UjV^„. and consider closure V in E{X, [3H). 
Finally set V = r-\U) nV. Then V C E{X,(3H) is open and the sets of this 
form determine a basis of topology on E{X, (3H). So it suffices to prove that I{V') 
is open for any such V. Let y G liV') and = r{I~^{y)) E U C X. Denote by Byi 
the interpolating Blaschke product with zeros at {yi} = {r^^{y') fl C D. Then 
clearly y is a limit point of {y^} and the set Y = {v E M{H°°); \By'{v)\ < e'} is 
an open neighbourhood of y. We will prove that if e' > is sufficiently small then 
Y C I{V'). In fact, according to Lemma 1.4 of Ch. X of [G], for sufficiently small 
e' > intersection y fl D is disjoint union of sets Yn C {z eB> ; p{yn, z) < A}, where 
A = A(e') > 0. Moreover, if e' — >• then we can also choose A — 0. So we can take 
e' so small that F fl D C Vi C V , where Vi is a compact subset of V . Therefore 
y n © contains Y and belongs to the compact /(Vi). In particular, Y C liV')- This 
shows that liV') is open. 

Theorem |2.3| is proved. □ 

Remark 8.3 Using the arguments of Section 5 we can point out embedded and 
non-embedded analytic disks in E{X,f3H) C M{H°°). 



Proof of Corollary |2.4| . Let X C D be an open set obtained by removing from 



D a finite or countable number of disjoint closed disks. Then clearly X admits 
a non-constant holomorphic function and H = tti{X) is free group with finite or 
countable number of generators. By Theorem |2.3| E{X,f3H) is an open subset of 
M{H^). Let now ^1 and ^2 be different points of /3H such that P(^i) n P(^2) ^ 0, 
where P{C,i) '■= {^ih, h G H}, i = 1,2. We have to prove that one of these sets 
contains the other. Let be image of ^ in the quotient set Xh = PH/H, i = 1,2. 
Consider analytic disks Pi := ir(D) C E(X,pH) c Ma, i = 1,2. Then every 

si 

such disk is a non-trivial Gleason part. According to our assumption closures Pi, P2 
in M{H°°) have non-empty intersection. Therefore the above assumption together 
with Corollary 2.7 of [S2] imply that one of these sets contains the other. But 
since E{X,(3H) is an open subset of M{H^), we have T^n E{X,(3H), i = 1,2, 
coincides with closure P/ of P, in E{X,l3H). In particular, one of the sets P[,P2 
contains the other. Assume, e.g., that Pg C P[. Further, lei y E X and Uy <Z X 
be an open disk centered at y. Then bundle E{X,(3H) over Uy is homeomorphic to 
Uy X f3H (without loss of generality we may identify these sets). According to the 
above arguments, {{y, C,2h)}heH is in the closure of {Uy x C^ig}g(zH. Therefore for any 
h E H there is a net {{zj,^igj)}j^j, Zj G Uy,gj G H, converging to {y,^2h). From 
here it follows immediately that lim^ = y. Thus \imj{y,^igj) = {y,^2h). This 
shows that P(^ C P(G). 

The corollary is proved. □ 
Proof of Theorem |2.6| . First prove that D is dense in the maximal ideal space 
M{Ay) of the algebra Ay. It is equivalent to the following problem: 
Let fl, ...fn be holomorphic functions from Ay satisfying 

max\fi{z)\>S (zeB). (8.1) 
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Find functions gi, ...,gn in Ay so that 

i 

Since Ay is closure in C(D) of the algebra generated by all a*(Hu), it suffices 
to solve the above problem under assumption: there is a domain U, Y G U G 
Z, and bounded holomorphic functions f[,...,f^ defined on r^^(f/) and satisfying 
( ^.1| ) there such that a*{fl) = fi, i = l,...,n. In particular, it suffices to find 
a domain V, Y C V C U, and bounded holomorphic functions g[,...,g'^ defined 
on r^^iV) such that J^g'ifi = 1- Further, similarly to constructions of Section 6, 
define a Banach holomorphic vector bundle Eu over U with fiber 1°°{H) associated 
with the universal covering rz '■ r'^^(U) — > U. Then we can think of a bounded 
holomorphic function on r'^^(U) as a holomorphic section of Eu. Moreover, the 
natural multiplication defined on l°° determines a multiplication on sections of Eu. 
In what follows we identify bounded functions on r~^^{U) with sections of Eu. Set 
= fi{z)/J2 = 1) ...yU. Then according to ( pTT|) each (pi is a smooth 

section of Eu (existence of derivatives follows from the normality) and ^(pif'i = 1- 
In particular, d(j)i is a well-defined (0, l)-form with values in Eu. Consider now 
£'[/-valued (9-equations 

dhj^k = (pjd(j)k, l<j,k<n. (8.2) 

Since f/ is a Stein manifold, the results of [B], sect. 4 imply that there are smooth 
sections bj^k of Eu (not necessary bounded) that solve (|8.2|) . (This is equivalent to 
the identity H^{U, Oeu) = 0, where is the sheaf of germs of local holomorphic 
sections of Eu-) Let now a domain V be such that Y C V C U. Then bj^^lv is 
bounded (&j,fc(^) C Eu is a precompact). Therefore 



k=l 



are bounded holomorphic sections over V satisfying J2 {9jfj)\v = 1 (see also [G], Ch. 
VIII). Further, according to our identification g'j represents a bounded holomorphic 
function on r'^^{V). Thus the functions a*{gj) G Ay, j = 1, ...,n, solve the required 
corona problem. 

So we proved that D is dense in M{Ay). Note also that any function / G Ay 
admits a continuous extension to E(Y, jSH) and according to Lemma and Re- 



mark |8.2| the extended algebra separates points of EiY , /3H). Since the above space 
is a compact and D is dense in M{Ay), the space E{Y, (3H) is homeomorphic to the 
maximal ideal space M{Ay). Then Proposition |2.2| (a) asserts that dim M{Ay) = 2. 
Therefore Theorem 3 of [L] and the results of Section 3 show that the problem of 
the complementation of matrices is valid for Ay. 
The proof is complete. □ 

Remark 8.4 Let rz : E{Y,j3H) — > Y be the map extending rz- Then the Silov 
boundary of Ay coincides with r^^{Y \ Y). 
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Assume that y is a domain in C satisfying conditions of Theorem and C \ F is 
a disjoint union of connected domains. Then using some approximation theorems 
one can show that the extension of Ay to E{Y,f3H) coincides with the algebra of 
holomorphic functions continuous up to the boundary fz^{Y \ Y). 
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